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1. INTRODUCTION

One of the most promising methods for collective
acceleration [1–9] is a plasma-based scheme for parti-
cle acceleration by space-charge waves [3]. There are
many papers devoted to the development of such
schemes [10–77]. The most important of these are the
following: paper [3], in which this method was first pro-
posed by Fainberg; paper [4], in which Tajima and
Dawson suggested new efficient methods for exciting
plasma waves by laser light [plasma beat-wave acceler-
ator (PBWA) and laser wake-field accelerator (LWFA)
schemes] and analyzed some important relevant prob-
lems of particle acceleration; and paper [10] by Chen 

 

et
al.

 

, who proposed to excite plasma waves by a short
electron bunch or a periodic train of electron bunches
[plasma wake-field accelerator (PWFA)]. An important
point here is that it was suggested to accelerate particles
by wake plasma waves. Note that the question of the
excitation of an electromagnetic field by an electron
bunch in a plasma has already been discussed in the lit-
erature [69–74]. The self-consistent dynamics of rect-
angular electron bunches in a plasma has been exam-
ined in many papers (see, e.g., [14, 36, 78] and the lit-
erature cited therein). Theoretical investigations [15–
18] and experimental works [19–22] (see also [48])
have also substantially contributed to the development
of acceleration schemes based on laser-driven plasma
waves, and papers [12, 13, 79–82] made significant
contributions to research on the excitation of wake
plasma waves by electron bunches in PWFA schemes.
In recent years, the wake-field acceleration method has
been substantially modified: a new version—Self-Mod-
ulated Wake-Field Acceleration (SMWFA), which is
based on the self-modulation of a laser pulse—was pro-

posed in [15–20, 83–85] (see also [52]). The most
impressive results on plasma acceleration of charged
particles were obtained in experimental studies on
LWFA [19–22], in which the accelerating fields at short
distances were as strong as 1.5–20 

 

×

 

 10

 

8

 

 V/cm and par-
ticles were accelerated to energies of 100–300 MeV
over distances of about 1 cm. Thus, the method of laser
acceleration in a plasma is now being actively devel-
oped. The results achieved in the acceleration method
based on relativistic electron bunch–driven wake
plasma waves are not as significant: the accelerating
fields are about 50 kV/cm, the bunch charge being
about 4 nC. Recent progress in producing short dense
electron bunches raises the hope that very strong accel-
erating fields will also be achieved in PWFA research
[13, 80].
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2. NEW POSSIBILITIES OF INCREASING 
THE ACCELERATING FIELD STRENGTH

IN A PLASMA

In this section, we discuss new possibilities of fur-
ther increasing the accelerating field. Recall that the
maximum electric field of a relativistic space-charge

wave in a plasma is 

 

E

 

max

 

 = 

 

, where  is

the maximum density in the space-charge wave [24].

The ratio  is governed by the way in which the space-

charge wave is initiated. In experiments on laser excita-
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The reviews and descriptions of the theoretical and experimental
results on this subject can be found in, e.g., [55, 56].
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ñp

n0
-----

 

PARTICLE ACCELERATION
IN PLASMA

 

Charged Particle Acceleration by an Intense Ultrashort 
Electromagnetic Pulse Excited in a Plasma by Laser Radiation

or by Relativistic Electron Bunches

 

V. A. Balakirev, V. I. Karas’, and I. V. Karas’

 

National Science Center Kharkov Institute of Physics and Technology, ul. Akademicheskaya 1, Kharkov, 310108 Ukraine
e-mail: karas@kipt.kharkov.ua

 

Received September 27, 2001

 

Abstract

 

—A review is given of theoretical and experimental investigations and numerical simulations of the
generation of intense electromagnetic fields in accelerators based on collective methods of charged particle
acceleration at rates two or three orders of magnitude higher than those in classical resonance accelerators. The
conditions are studied under which the excitation of accelerating fields by relativistic electron bunches or
intense laser radiation in a plasma is most efficient. Such factors as parametric and modulational processes, the
generation of a quasistatic magnetic field, and the acceleration of plasma electrons and ions are investigated in
order to determine the optimum conditions for the most efficient acceleration of the driven charged-particle
bunches. 

 

© 2002 MAIK “Nauka/Interperiodica”.



 

126

 

PLASMA PHYSICS REPORTS

 

      

 

Vol. 28

 

      

 

No. 2 

 

      

 

2002

 

BALAKIREV 

 

et al

 

.

 

tion, this ratio is less than 15% (LWFA), and, in exper-
iments on the generation of plasma waves by electron
bunches, it is about 3% (PWFA). According to [15–19,

48], for LWFA, we have 

 

 = 

 

, where 

 

a

 

 =

, 

 

E

 

 is the electric field, and 

 

λ

 

 = 

 

 is the laser

wavelength. For the excitation of wake plasma waves
by electron bunches (PWFA), this ratio is known to be

approximately equal to 

 

 ~ 

 

 [13], where 

 

n

 

b

 

 is the

beam density. Consequently, the maximum electric
field in a plasma wave can be increased by increasing
the laser field and/or laser wavelength as well as the
density of the electron bunch exciting the plasma wave
(or by searching for new ways of generating plasma

waves). Comparing the ratios  for LWFA and PWFA

gives [9]

 

(1)

 

thereby determining the electron density in the bunch

 

n

 

b

 

 that is required to excite a plasma wave with the
same maximum electric field as that of a laser-driven
plasma wave. This relationship implies that, in order to
generate such a plasma wave in PWFA, it is necessary
to make the ratio 

 

n

 

b

 

/

 

n

 

0

 

 as large as possible. Note that the
case 

 

n

 

b

 

/

 

n

 

0

 

 ~ 1

 

 is not considered here, because it goes
beyond the applicability range of the above expression
for 

 

E

 

max

 

 in LWFA, which was derived under the
assumption 

 

a
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2.1. Excitation of Wake Fields by Laser Pulses
in a Solid-State Plasma

 

Another way of increasing 

 

E

 

max

 

 is to initiate waves
in higher density plasmas, in particular, in a solid-state
plasma. This possibility can be realized, in particular, in
semiconductor plasmas. However, the plasma density
in semiconductors (

 

n

 

0

 

 ~ 10

 

14

 

–10

 

18

 

 cm

 

–3

 

) is lower than
the gas plasma density that has already been achieved
in experiments on LWFA (

 

~10

 

19

 

 cm

 

–3

 

). Consequently,
in developing plasma-based charged particle accelera-
tors, it seems natural to turn to the plasma of metals, in
which the density of free electrons is as high as 

 

10

 

22

 

–
10

 

23

 

 cm

 

–3

 

. Chen 

 

et al.

 

 [59, 60] proposed a very daring
but somewhat exotic

 

2

 

 idea of implementing LWFA,

 

2

 

Note that our views regarding “exotic” things may soon undergo
a radical revision. The methods of collective acceleration (in par-
ticular, the scheme for accelerating charged particles by charge-
density waves in a plasma), which were proposed in 1956, also
seemed to be very exotic at that time.
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which, however, involves solving the following chal-
lenging problems:

(i) launching laser light into a metal,
(ii) exciting space-charge waves in a metal plasma

by laser light,
(iii) weakening the effect of multiple scattering of a

beam of accelerated particles by the plasma electrons
that occur between the channeling planes, and

(iv) solving a very important problem of preventing
the destruction of crystals affected by extremely power-

ful laser radiation via utilizing very short (

 

~

 

) laser
pulses.

According to the Chen and Nable’s estimates [59],
the energy density required to generate accelerating
fields of about 100 GeV/cm should be as high as 

 

3 

 

×

 

10

 

7

 

 J/cm

 

3

 

.
Recall that the electric field of a space-charge wave

is governed to a large extent by the way in which it is
generated. The authors of [59, 60] proposed to excite a
plasma wave by laser light via either the method used
in LWFA or the method suggested by Katsouleas 

 

et al.

 

[56], which involves the interaction between laser radi-
ation and a plasma whose density is made periodically
nonuniform in space by an acoustic wave or with the
help of a diffraction grating. The latter method is based
on the three-wave interaction involving a laser wave, an
ion acoustic wave, and a Langmuir plasma wave. The
wave interaction can give rise to a plasma wave with the
frequency 

 

ω

 

pe

 

 and wavenumber 

 

k

 

p

 

 only under the fol-
lowing conditions: 

 

ω ≈ ω

 

pe
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s
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, the wavenumber
of a laser wave in a plasma is close to zero, and the
wavenumber of an ion acoustic wave is equal to 

 

k

 

p

 

. The
phase velocity 

 

v

 

ph

 

 = 

 

ω

 

pe

 

/

 

k

 

p of the excited plasma wave
is close to c.

Another method suggested by the authors of [60] is
the generation of wake plasma waves by short laser
pulses (as is done in the LWFA scheme), in which case
the condition ω � ωpe should be satisfied. Since ωpe ≈
1016 s–1 in both methods, it is necessary to develop and
create extrapowerful UV lasers. It is suggested that a
plasma density of about ~1023 cm–3 will be achieved by
ionizing the atoms of a solid body by the same UV
laser. In this way, however, the fact that laser light will
be strongly damped because of the strong absorption
should also be taken into account. To answer the ques-
tion of whether the very daring and interesting ideas
expounded in [59, 60] can be implemented in practice,
it is necessary to investigate the issue of how deep
intense UV laser light can penetrate into a metal with
allowance for the losses from ionization and photoef-
fect. Keeping in mind the fact that even very short laser
pulses of enormous power will destroy a solid body, the
authors of those two papers proposed to accelerate
charged particles in optical fibers or thin metal films, in
which case laser radiation may become easier to launch
into a crystal. They are justified in suggesting that pre-

ωpe
1–
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liminary experiments in this direction can be performed
with semiconductors in which the electron density is as
high as ~1018 cm–3. In this connection, we must point
out the very interesting work by Kitson et al. [64], in
which the phenomenon of anomalous penetration of
visible laser pulses into a semiconductor was predicted
theoretically and discovered experimentally. In the
opinion of the authors of [66, 67], this anomaly can be
attributed to the excitation of surface plasma waves.

Note that the maximum possible electric field
strength in a steady-state space-charge wave in a
plasma is limited by the condition that the velocity ve

acquired by the plasma electrons in the field of this
wave is equal to the wave phase velocity vph , so that we
have

(2)

Another idea (of no less importance) presented in [59,
60] is that of utilizing not only solid-state crystal bodies
in order to raise the electric fields of laser-driven
plasma waves but also of using the crystalline proper-
ties of solid bodies in order to generate high-brightness
beams of accelerated particles through the channeling
effect. In fact, under the channeling conditions, strong
accelerating fields and the very high rates at which
accelerated particles acquire energy can substantially
lower the emittance of a beam of accelerated particles;
however, it is necessary to take into account the fact that
the channeling angle is approximately equal to ψ ≈

, where eUb is the depth of the potential well
(or the height of the potential barrier that forms
between the lattice planes of the crystal). For very high
energies εp, this angle is very small. That is why the
possibility of substantially reducing the emittance of a
beam of charged particles accelerated to extremely high
energies in crystals requires more detailed theoretical
and experimental investigations. It may be that the
ideas developed by the authors of [59, 60] will not be
implemented in full measure in the near future. How-
ever, some aspects of the acceleration methods pro-
posed in those papers can be used to create very-high-
energy (about 1013−1018 eV) particle accelerators.

A different scheme for charged-particle acceleration
in crystals was proposed by Tajima et al. [62, 63] and
was further developed in subsequent works. This
scheme is based on the analogy with particle accelera-
tion in microwave waveguides with periodically spaced
metal or dielectric disks and implies acceleration via
hard X radiation, for which a periodic crystalline struc-
ture plays the same role that periodically spaced disks
play for microwave radiation in waveguides. The use of
crystals for particle acceleration via hard X radiation on
the basis of the Borman effect [62] eliminates the prob-
lems of launching laser radiation into a crystal and of
guiding laser pulses over relatively large distances in a
crystal. Tajima and Covenago [62] proposed to channel
accelerated charged particles in a crystal in order to

Emax 4πn0mc
2

2γ 1–( ).=

eUb/εp

reduce their scattering. They also noted that Hofstadter
had already originated analogous ideas in his unpub-
lished paper. At this point, we should say a few words
about the history of research on charged-particle accel-
eration in solids. Grishaev and Nasonov [61] suggested
to accelerate charged particles by longitudinal polariza-
tion waves of an optically active matter that are driven
by the beating of two electromagnetic waves and noted
that the channeling effect can serve to reduce the diver-
gence of a beam of accelerated particles due to their
multiple scattering. Tajima and Covenago [62] pro-
posed to accelerate charged particles in crystals by hard
X radiation and to lower the divergence of a beam of
accelerated particles by channeling them. They also
studied some other aspects of this acceleration method.
Examining the prospects for the new concept of accel-
erating charged particles by laser radiation in a solid
body, Tajima and Covenago determined the electric
field of a plasma wave in a metal from the relationship
that was obtained for the maximum field of a nonlinear
wave propagating in a plasma by solving the problem
of natural waves. However, it is clear that the electric
field should be estimated by solving the problem of
induced oscillations and waves. Since the electric field
of the plasma wave is very sensitive to the way in which
the wave is excited, we think that deriving the final
expression for the electric field requires solving the
problem of the excitation of the plasma wave in the case
at hand. In the wake-field acceleration scheme pro-
posed in the rather interesting paper by Rosenzweig et
al. [14], a high-energy electron beam is used to excite
extremely nonlinear plasma oscillations in which accel-
eration occurs preferentially in the transverse direction.

Balakirev et al. [42] proposed a method for substan-
tially increasing relativistic electron bunch–driven
wake fields owing to the self-modulation of a long
pulsed electron bunch in a plasma. The field excited by
the bunch front affects the motion of the bunch elec-
trons in such a way as to modulate the bunch density, or,
in other words, to break the bunch into microbunches.
Since the bunch is modulated at the plasma frequency,
the wake fields generated by microbunches are coher-
ent, so that the amplitude of the excited wake fields can
increase substantially. However, the results of 2.5-
dimensional simulations carried out by Batishchev et
al. [34] show that, because of the unsteady dynamics of
the self-consistent fields of a relativistic electron bunch
with dimensions comparable to the skin depth, the
wake field amplitude along the train of microbunches
increases more gradually than in the case of a “rigid”
bunch.

2.2. PWFA Experiments

Experimental investigations on PWFA were begun
at the Argonne National Laboratory (ANL) [13, 14, 79–
82, 86] and then were continued at the University of
Tokyo [87]. The first experiments at ANL were carried
out with 24.1-MeV beams (the electric charge of the
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driving bunch was 4 nC, the bunch dimensions being
about 1 mm) and 16.6-MeV beams (the accelerated and
diagnosed bunches had the same dimensions). The
bunches were injected into a plasma whose density was
varied from 1011 to 1013 cm–3. The amplitude of the
excited wake fields was measured to be about 6
MeV/m, which could only be explained by invoking the
plasma and bunch nonlinearities. The corresponding
simulations performed at this time were all one-dimen-
sional (see, e.g., [13, 14]), and only some estimates
were obtained with allowance for two- and three-
dimensional effects. It was pointed out that three-
dimensional effects should be systematically taken into
account in investigating the role of the nonlinear behav-
ior of the plasma and bunch particles. At the University
of Tokyo, PWFA experiments were carried out with
trains of six 500-MeV bunches. The plasma density
was varied approximately within the same range as in
the experiments at ANL. It was found that the ampli-
tude of the excited wake field depends linearly on the
plasma density in the range from 1011 to 1012 cm–3 [87].
The insufficiently high excitation rates of the wake
fields and large radial displacements of the succeeding
bunches in the train were not adequately explained at
the theoretical level (these questions were mostly
answered in our investigations). Further PWFA
research is aimed at developing wake-field acceleration
schemes for future linear colliders. At present, the
PWFA scheme is being investigated most actively at
ANL, the University of California at Los Angeles
(UCLA), and the University of Southern California
(USC) in collaboration with the Stanford Linear Accel-
erator Center (SLAC) on the 30-GeV linear accelerator
at Stanford. Preliminary results from these very impor-
tant experiments were reported at the annual meeting of
the American Physical Society in October 2000. How-
ever, since these promising results were presented as
abstracts of papers and have not yet been published in
scientific journals, we cannot discuss them here. The
photocathode in an accelerator created at ANL [79–82]
is capable of ensuring the following bunch parameters:
an electron energy of 200 MeV, a bunch charge of
100 nC, and a bunch duration of 20 ps. The photocath-
ode is struck by light from a laser with a wavelength of
248 nm, a pulse duration of 2 ns, and an input energy of
8 MJ. This project is aimed at achieving acceleration
rates of about 100 MeV/m.

2.3. Excitation of Wake Fields by Laser Pulses

Another promising method for exciting wake fields
in a plasma makes use of short (picosecond and femto-
second) laser pulses with intensities of 1016 to
1019 W/cm2. The results of recent PBWA experiments
at UCLA are presented in [88–90] (recall that the accel-
eration scheme based on the beating between electro-
magnetic beam pulses was first proposed by Litvak
[91]). In those experiments, relativistic plasma waves
were resonantly excited in a plasma by the beating

between two collinear beams from CO2 lasers operating
simultaneously at two different wavelengths. The
acceleration of test electrons in a plasma was investi-
gated using electron beams with a peak current of
200 mA, an electron energy of 2 MeV, and a pulse dura-
tion of 1 ns in order to measure the longitudinal wake
fields, which themselves had a large relativistic factor
equal to 34 (the relativistic factor of the excited wake
field is large because of the large ratio of the laser fre-
quency to the electron plasma frequency, γ = ω/ωpe).
The energy spectrum of the accelerated electrons was
recorded using a special-purpose multisector magnet
and a surface-barrier detector. The electrons were
accelerated to an energy of 20 MeV over a distance of
1 cm, the acceleration rate being higher than
1.8 GeV/m. Clayton et al. [90] experimentally demon-
strated the acceleration of electrons by relativistic
plasma waves generated by stimulated Raman forward
scattering of a short single-frequency laser pulse with a
wavelength of 1.053 µm, a duration of 6 × 10–13 s, and
a peak power of 8 × 1017 W/cm2. The density of the
plasma created by an auxiliary laser was varied in the
range (1–2.5) × 1015 cm–3, and the plasma itself was
homogeneous over a length of 0.8 mm. Electron accel-
eration was observed to correlate with the generation of
the first anti-Stokes satellite in the radiation spectrum.
The calculations carried out in [90] showed that, by
increasing the interaction length to 1.3 mm, it is possi-
ble to achieve acceleration rates as high as 1 GeV/cm.
Beginning with the pioneering paper [4] by Tajima and
Dawson, the PBWA method has been actively investi-
gated not only theoretically and experimentally but also
numerically [21, 88]. These investigations showed that
the PBWA method works most efficiently with the the-
oretically predicted lengths of the laser pulses [92]
because of the detuning of the plasma frequency from
the difference between the laser frequencies. Numerical
simulations showed that short acceleration lengths stem
not from the plasma inhomogeneity but rather from the
effect of the diffractive spreading of laser pulses on the
Rayleigh length, in which case only about 2% of the
injected particles are accelerated. The progress
achieved in theoretical and numerical studies on
plasma-based laser accelerators was reported in [57,
88], where the possibility of guiding laser pulses in
plasma channels was also discussed in the context of
preventing their radial spreading. The question of
whether it is expedient to use plasma channels has
already been discussed by Tajima and Dawson [4]. At
present, it is proposed to use channels preformed in a
special manner rather than rectangular channels. Since
the most serious obstacle to acceleration is the diffrac-
tive spreading of the pulse, it is by the appropriate
choice of the channel parameters that the acceleration
length was significantly increased to
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where Vosc =  is the electron oscillatory velocity in

the laser field. In this case, the growth rate of the Raman
instability is equal to

(4)

where p2 + h2 = , p = , and a0 is the

characteristic channel radius.
The guiding of intense laser pulses by plasma chan-

nels preformed in a special way was investigated in [57,
93]. It was shown that, in an empty channel, the growth
rate of the Raman forward scattering instability
decreases if πa0 < 0.13λpe .

2.4. SMWFA Method

This method for charged particle acceleration has
already been discussed above. Here, we analyze recent
results on this subject. The SMWFA scheme is of con-
siderable physical interest because the self-modulation
of a laser pulse and the self-modulation of a relativistic
electron bunch have much in common. As will be seen
below, the self-modulation of a relativistic electron
bunch is one of the most promising methods for excit-
ing intense accelerating fields in a plasma. Moore et al.
[94] carried out a detailed experimental investigation of
the self-modulation of intense laser pulses with a power
of 2 TW, a duration of 400 fs, an energy of 1 J, a wave-
length of 1.054 nm, and an intensity of 5 × 1018 W/cm2,
the radius of the initial focal spot being 6 µm. In a
plasma with a density of 1.4 × 1019 cm–3, they suc-
ceeded in accelerating 108 plasma electrons to an
energy of 30 MeV. The plasma wave was generated
over a distance of 20 Rayleigh lengths. It was estab-
lished that electron acceleration correlates with the
generation of harmonics in the radiation spectrum.
When the laser power was decreased by one-half or the
plasma density was lowered, no high-energy electrons
were observed. In the experiments of [95, 96], intense
(1018 W/cm2) laser pulses in a plasma were found to
undergo self-channeling over a distance of 20 Rayleigh
lengths. Papers [97, 98] were devoted to an experimen-
tal and theoretical study of the acceleration of the
injected 3-MeV electrons by an intense wake wave,
such that the accelerating electric field strength was
1.5–5 GV/m. The wake wave was excited by a 5-J laser
pulse with a duration of 0.4–7 ps, which was guided in
a preformed plasma channel with a density of 1019 cm–3.
It was shown that, in such plasma channels, long laser
pulses (such that the laser power is low in comparison
with the critical power for self-focusing) propagated a
distance of three Rayleigh lengths. The self-modulation
of a laser pulse led to the excitation of a plasma wave
with a density variation of 6%. Since the amplitude of
this plasma wave was far below the wavebreaking
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amplitude, the electrons could not be accelerated to
megaelectronvolt energies. High-power laser pulses
were observed to interact with a plasma in a strongly
nonlinear fashion, giving rise to the filamentation insta-
bility. The pulses underwent self-focusing and self-
modulation without generating high-energy resonant
plasma electrons. The acceleration of a large number of
plasma electrons to megaelectronvolt energies was
observed with laser pulses whose power was 28 times
higher than the relativistic self-focusing threshold. The
radial structure of a wake wave excited during the self-
modulation of a laser pulse in a homogeneous subcriti-
cal plasma was studied in detail by Andreev et al. [99].
The generation of an electron beam in the SMWFA
scheme was thoroughly investigated by Chen et al.
[100] both experimentally and by three-dimensional
numerical simulations. They showed that the emittance
of the generated 2-MeV electron beams is extremely
small (0.06π mm mrad), in which case the main role is
played not by the space-charge forces in the beam but
by the nonlinearity of the plasma wave and the mag-
netic field of the wave (rather than the quasistatic mag-
netic field, as was asserted in many papers; see, e.g.,
[101, 102]). The interaction of short laser pulses with a
transversely inhomogeneous plasma, relativistic fila-
mentation, and field ionization were studied in [103–
107]. The self-focusing of an intense ultrashort laser
pulse and the accompanying processes (such as the
generation and acceleration of ions, electron cavitation,
the formation of channels, and the magnetic field gen-
eration) were investigated in detail in [101, 102, 108,
109].

2.5. PWFA Scheme with a Plasma Channel
of Depressed Density

The PWFA research program proposed by Barow
and Rosenzweig [81] relies on the use of plasma chan-
nels with a depressed electron density. The authors of
[81] presented previous results obtained on the interac-
tion of intense relativistic electron beams with plasmas
in weak magnetic fields and suggestions for future
work. This PWFA method deals with electron beams of
density nb > np. In such a situation, the plasma electrons
escape from the propagating beam, thereby giving rise
to an ion channel (the so-called ion focus regime). The
PWFA experimental research program is being imple-
mented in the accelerator at ANL. In recent papers [81,
110], it was proposed to use the so-called “blow-out”
regime, which ensures that an electron beam propa-
gates through a plasma with minimum distortions and
losses. The model developed in those papers describes
a nearly equilibrium electron beam propagating in such
a manner through an underdense plasma, in particular,
in the presence of an external magnetic field. The
numerical results were obtained by solving the Vlasov–
Maxwell equations for beam electrons and the hydro-
dynamic equations for plasma particles. A comparison
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between the results obtained from the equilibrium
model and from the related simulations based on the
macroparticle method showed that, under the condi-
tions of collisional damping, the beam keeps its equilib-
rium. In addition, the possibility of using a relativistic
electron bunch as an adiabatic lens was discussed. The
blow-out regime, which has been recently proposed for
the PWFA scheme [81, 110] and in which the plasma
electrons are completely blown out from the beam
region, has a number of advantages. When an intense
electron beam with a sufficiently long duration propa-
gates through a low-density (n0 < nb) plasma, the blow-
out of all plasma electrons from the beam region gives
rise to an ion channel. This regime was called the ion
focus regime. The magnetic self-focusing forces cause
the beam to propagate in the ion channel. The radius Req

of the equilibrium beam propagating in a fully formed
ion channel is equal to

(5)

where εn is the normalized beam emittance and re is the
classical radius of an electron. It is possible to single
out three qualitatively different regions of the beam.
The leading part of the beam (the beam head) is not
focused by the plasma and therefore expands. The body
of a beam propagating in the ion channel experiences
the strongest focusing force. The transition region
between the head of the beam and its body cannot be
described in the linear-optics approximation because of
the presence of plasma electrons. For a laser pulse of
sufficiently short length L0 (2πL0 ≤ λpe), the evolution
of both the beam head and the transition region has a
substantial impact on the efficiency with which the
beam is transported over long distances. The head of an
ultrarelativistic beam expands freely in accordance
with the value of the emittance, in which case the blow-
out rate of the plasma electrons becomes slower. As a
result, the succeeding parts of the beam experience a
weaker focusing force, so that the beam is distorted to
a significant extent. A simple one-dimensional model
shows that, after a certain period of initial expansion,
the beam is distorted at a very slow rate. It was also
shown that the beam continues to expand until the
plasma electrons are completely blown out from the
beam region; in other words, the beam slowly evolves
to a pinching regime and acquires an equilibrium struc-
ture. Barow et al. [110] proposed to use the blow-out
regime in order to generate accelerating fields of 80–
150 MeV/m by electron bunches with a charge of 90
nC. Below, we will describe the results from investiga-
tions of the formation of an ion channel due to the ion
motion in self-consistent electromagnetic fields excited
by a relativistic electron bunch.

Req

εn

2πren0γb

--------------------------,=

3. 2.5-DIMENSIONAL NUMERICAL 
SIMULATION OF THE EXCITATION OF WAKE 

FIELDS BY A TRAIN OF RELATIVISTIC 
ELECTRON BUNCHES IN LOW- 
AND HIGH-DENSITY PLASMAS

The excitation of a steady-state nonlinear wake
wave by a periodic train of relativistic electron bunches
in a plasma was studied by Amatuni et al. [12], who
showed that, when the plasma and bunch densities are
comparable, the wave electric field increases with the
relativistic factor of the train. Investigations of the non-
linear regime in PWFA experiments made clear the
importance of three-dimensional effects [13, 14]. There
are two different mechanisms that can produce strong
wake fields and thus can be exploited in the physics of
plasma-based accelerators. On the one hand, a short
wide first bunch can excite large-amplitude wake waves
capable of accelerating the succeeding bunches. On the
other hand, a long narrow electron bunch can be well
focused by its own magnetic field, provided that its
space charge is completely neutralized by the plasma.
The wake-field excitation is studied with COMPASS—
a modified two-coordinate three-velocity axisymmet-
ric, truly relativistic electromagnetic code [30–32]. Pre-
viously, this code was used to model inductive plasma
accelerators [32], to simulate the interaction of relativ-
istic beams with plasmas [33], and to investigate the
propagation of a solitary relativistic electron bunch or a
train of such bunches through both high-density and
low-density plasmas [34]. Note that, in the experiments
of [13, 14], the density of relativistic electron bunches
was nb ≤ n0/2, in which case the transverse and longitu-
dinal dimensions of the bunch, R0 and L0, were small in
comparison with the skin depth c/ωpe. Computer simu-
lations [34, 35] showed that the transverse dimension of
the bunch may change substantially as it propagates
through the plasma. This results in significant changes
in both the bunch density (by more than one order of
magnitude) and the excited wake fields. It was shown
that the amplitudes of the transverse and longitudinal
fields increase as each next relativistic electron bunch is
injected, but, unlike in the case of rigid bunches, their
increase is not proportional to the number of injected
bunches. A new electron accelerator created at the
Kharkov Institute of Physics and Technology [69] is
expected to be used in future experimental research on
the acceleration of charged particles in intense wake
fields. The operating parameters of the accelerator are
as follows: the electron energy is W = 18–20 MeV, the
number of electrons in a bunch is N ≈ 1010, the number
of bunches is up to 20, and the modulation frequency of
the bunches is 2797.16 MHz. It is proposed that, in
experiments, relativistic electron bunches with dimen-
sions comparable to the skin depth will be injected into
a plasma whose density will be varied over a very wide
range (by more than four orders of magnitude). The
plasma is to be homogeneous to within several percent,
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so that the homogeneous plasma approximation is quite
adequate for describing the experiment.

Since it is anticipated that no instabilities giving rise
to the azimuthal plasma inhomogeneity would occur
under the planned experimental conditions, a theoreti-
cal description can be based on the azimuthally sym-
metric mathematical model involving the injection of
particles into the computation region and their escape
from it. Under the conditions that are expected to pre-
vail in experiments with the new accelerator, relativistic
electron bunches will be injected into a plasma column
with the length L = 100 cm, the radius R = 10 cm, the
density in the range n0 = 1010–1014 cm–3, and a mini-
mum longitudinal density gradient. The numerical
results presented below were obtained precisely for this
experimental situation.

3.1. Mathematical Model

We describe the dynamics of a relativistic electron
bunch by the relativistic Vlasov equations (the
Belyaev–Budker equations) for the distribution func-
tions of each of the plasma components and by the set
of Maxwell’s equations for the self-consistent electric
(E) and magnetic (B) fields. The plasma–bunch system
to be modeled is shown schematically in Fig. 1. At the
initial instant, a two-component (mi/me = 1840, where
mi and me are the ion and electron masses) cold plasma
fills the entire computation region [0, L] × [0, R]. In
simulations, we usually set L and R equal to 100 and 10,
respectively. A finite number of relativistic electron
bunches with the electron density

are injected into a plasma through the z = 0 plane. Here,
θ(z) is the Heaviside step function; n is the order num-

ber of the injected bunch; Vb =  is the bunch
velocity; the initial bunch dimensions L0 and R0 are
equal to 0.4 and 0.5 cm, respectively; λp = 2πc/ωpe ; and
nb is the mean bunch density. The bunch electrons and
plasma particles can escape from the computation
region through the boundary surfaces z = 0 and z = L.
The plasma particles can also enter the computation
region. The boundary conditions at the inner surface of
the computation region assume a metal surface r = R

n r z,( ) nbθ R0 r–( )θ v bt z– n 1–( )λ p+( )=

× θ z v pt– L0 n 1–( )λ p+ +( ),

c 1 1/γb
2

–

and a free escape of electromagnetic waves through the
front and back surfaces. In our calculations, we use an
explicit difference scheme. The excitation of wake
fields by a train of bunches in a plasma was investigated
in four series of simulations aimed at analyzing the
dependences of the excited field on the number Nb of
bunches injected into the plasma, on the bunch-to-
plasma density ratio, on the repetition rate of the
bunches, and on the ratio of the bunch radius R0 to the
skin depth c/ωpe . The parameters of these four series
are presented in the table.

The mass of the model particle is a function of its
radial positions. In a lesser perturbed region (which is
farther from the symmetry axis), the plasma is modeled
by a relatively small number of particles. The total
number of macroparticles is about 106. Note that all
simulations were carried out with an advanced particle-
in-cell (PIC) method implemented on a Pentium-133
PC.

3.2. Numerical Results and Discussion

Computer modeling showed that, as a relativistic
electron bunch with R0 < c/ωpe and L0 < c/ωpe propagates
in a plasma, its radius changes substantially. In contrast
to the frequently used conditions L0 � c/ωpe > R0 or
R0 � c/ωpe > L0, we simulated bunches with the initial
dimensions L0 ≈ R0 < c/ωpe or L0 ≈ R0 ≈ c/ωpe , which
correspond to those in the experiments of [13, 14]. In
this case, the plasma and bunches are essentially non-

Plasmar

0

R

e, i

Relativistic R0 L0

z

LMetal wall

Vb

e, i

Fig. 1. Schematic of the model plasma–bunch system.

electron
bunch

Parameters of the plasma and the bunches

Calculation 
version

Bunch density
nb , cm–3

Plasma
density n0, cm–3

Plasma
frequency ωpe , s–1 Skin depth c/ωpe , cm Number of electrons 

in a bunch N

1 2 × 1010 4 × 1010 1.13 × 1010 2.66 6.28 × 109

2 2 × 1010 4 × 1011 3.57 × 1010 0.84 6.28 × 109

3 4.86 × 1010 9.72 × 1010 1.76 × 1010 1.71 1.53 × 1010

4 4.86 × 1010 8.75 × 1011 5.27 × 1010 0.57 1.53 × 1010
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linear. The numerical results obtained in [36] showed
that the propagation of a relativistic electron bunch in a
plasma is greatly affected by the ion motion. The time
evolution of the longitudinal profile of the ion density
ni is illustrated in Fig. 2, which was obtained in calcu-
lation version 1 (see table). The time evolutions of the
dependence of the ion density on the radial coordinate
r are illustrated in Figs. 3a and 3b, which were obtained
in calculation versions 4 and 3, respectively. From
Figs. 2 and 3, we can see that the formation of an ion
channel stems from the radial ion motion in self-consis-
tent fields. At the axis of the system, the ion density is
elevated and increases in the direction opposite to the
propagation direction of the bunches. The elevated cen-
tral density is higher than the unperturbed ion density
by more than 15%. The characteristic time scales on
which the ion channel forms are about a hundred
inverse electron Langmuir frequencies; in other words,
as may be expected from illustrative physical consider-
ations, these scales are governed by the inverse ion
Langmuir frequencies. The channel parameters are
determined by the plasma-to-bunch density ratio and
the ratio of the initial bunch radius R0 to the skin depth
c/ωpe .

The amplitude of the ion density oscillations is seen
to be substantially smaller than the averaged density.
For comparison with the longitudinal profile of the ion
density, Fig. 4 shows the longitudinal profile of the
electron density. The electron density is seen to
undergo only strong oscillations driven by the excited
wake wave, and its averaged value remains essentially
unchanged. In wake fields, the electrons oscillate with-
out any significant change in their equilibrium posi-
tions. As a result, the electric field of the unneutralized
positive ion charge accumulating at the system axis sta-
bilizes the propagating electron bunches.

Figures 5 and 6 show longitudinal profiles of the
longitudinal (Ez) and radial (Er) electric fields at two
times. One can see that the amplitudes Er and Ez

increase as each next bunch is injected, but, unlike in
the case of rigid bunches, their increase is not propor-
tional to the number of injected bunches. This depen-
dence stems from the fact that, because of the charge
and current neutralization processes, the bunch elec-
trons undergo transverse oscillations in self-consistent
fields. We can see that, owing to neutralization of the
bunch space charge by a dense plasma, the azimuthal
magnetic field is not fully canceled and thus drives the
bunch electrons into radial motion, leading to a signifi-
cant distortion of the bunch shape and a charge density
redistribution within the bunches. As a result, the wake
fields are excited in an unsteady fashion, which is unfa-
vorable for charged particle acceleration. The shape of
the envelope of the bunches is seen to deviate substan-
tially from the Bennett equilibrium shape. The electro-
magnetic fields generated by the bunches propagating
in a plasma redistribute the ion plasma density and give
rise to the averaged electric field, which promotes the
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Fig. 2. Longitudinal profiles of the ion density obtained in
calculation version 1 at the radius r = 0.5 cm at the times
tωpe = (1) 70, (2) 120, (3) 150, and (4) 180.
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Fig. 3. Radial profiles of the ion density obtained (a) in cal-
culation version 1 at the times tωpe = (1) 40, (2) 70, (3) 120,
and (4) 180; (b) in calculation version 4 at the times tωpe =
(1) 100, (2) 200, (3) 260, and (4) 300; and (c) in calculation
version 3 at the times tωpe = (1) 100 and (2) 300.
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focusing of the bunch electrons. Hence, the radial
expansion of the bunches is prevented to a large extent
by the formation of the plasma channel due to the radial
motion of the plasma ions. A train of bunches propagat-
ing in a stable and steady-state fashion in the fully
developed ion channel excites steady-state wake fields
suitable for accelerating the injected electrons. We can
thus conclude that the nonlinear processes analyzed in
this section have a beneficial effect on the bunch prop-
agation and, accordingly, on the excitation of the accel-
erating fields by the bunches. The investigation of the
three-dimensional nonlinear behavior of the beam–
plasma system was undertaken in order to provide a
better insight into the fundamental physics governing
the acceleration and focusing of charged particles by
the wake waves. Numerical experiments show that the
ion motion in the self-consistent fields excited by a train
of relativistic electron bunches gives rise to an ion
channel at the symmetry axis of the system; in turn, the
ion channel makes the bunch propagation more stable,
so that the accelerating fields excited by the bunches are
stronger.

4. 2.5-DIMENSIONAL NUMERICAL 
SIMULATION OF THE EXCITATION OF WAKE 

FIELDS DURING THE SELF-MODULATION 
OF A LONG RELATIVISTIC ELECTRON BUNCH

In this section, we describe the results of numerical
modeling of the wake-field excitation by a relativistic
electron bunch in a dense plasma. The results presented
were obtained using a two-coordinate three-velocity
model in which the complete set of equations for the
bunch–plasma interaction consists of the relativistic
Vlasov equations for the bunch electrons, the nonlinear
Vlasov equations for each of the plasma components,
and nonlinear Maxwell’s equations for the self-consis-
tent electromagnetic fields. Our computer modeling
showed that the nonlinear dynamics of the plasma and
bunch particles leads to a significant self-modulation of
the density of a long bunch, in which case the amplitude
of the excited wake fields substantially increases.

4.1. 2.5-Dimensional Numerical Modeling 
of the Wake-Field Excitation by a Long Relativistic 

Electron Bunch

The physics of plasma accelerators usually deals
with two regimes of the bunch–plasma interaction
accompanied by the generation of large-amplitude
wake plasma waves. In the first regime, a large-ampli-
tude wake field excited by a short wide first bunch can
accelerate the succeeding bunches in the train. In the
second regime, a long narrow relativistic electron
bunch can be strongly focused by its own magnetic
field, provided that its space charge is completely neu-
tralized by the plasma. In a wake electric field, the
bunch electrons experience not only transverse forces
but also strong longitudinal forces. Longitudinal wake
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Fig. 4. Longitudinal profile of the electron density obtained
in calculation version 1 at the radius r = 0.5 cm at the time
tωpe = 180.
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fields give rise to a longitudinal modulation (with the

period λp = 2πc/ωpe = 3.36 × 106/  cm) of the origi-
nally uniform electron bunch, thereby breaking it into
microbunches. In particular, in a plasma with a particle
density of 1016 cm–3, the modulation period is 0.3 mm.
The effect of the longitudinal modulation of relativistic
electron bunches by the wake fields can be used to
develop plasma modulators of high-density electron
beams. Now, we should say a few words about another
aspect of the modulation phenomenon. Since the mod-
ulation frequency coincides with the plasma frequency,
the wake fields of the microbunches are coherent. Con-
sequently, the modulation of an electron bunch leads to
an increase in the wake-field amplitude behind the
bunch. This effect makes it possible to use long relativ-
istic electron bunches to generate intense wake fields in
a plasma. It is important to note that long laser pulses

n0

can also undergo longitudinal modulation at the plasma
frequency [28]. The modulation of long electron
bunches by longitudinal wake fields in a plasma was
investigated theoretically by Balakirev et al. [42]. The
results of one-dimensional numerical modeling of the
nonlinear dynamics of the bunch modulation showed
that the modulation of a long electron bunch propagat-
ing in a plasma increases the amplitude of the excited
wake wave. This effect is explained as being due to the
coherence of the wake fields generated by
microbunches resulting from the modulation of a long
bunch at the plasma frequency. The one-dimensional
approximation applies only to relativistic electron
bunches with a sufficiently large radius (2πR0/λp � 1).

The results presented in this section were obtained
from 2.5-dimensional numerical modeling of the wake-
field excitation by long relativistic electron bunches
[38–41] with the COMPASS code [30–32].

4.2. Mathematical Model and Parameter Choice

The dynamics of a relativistic electron bunch is
described by the relativistic Vlasov equations (the
Belyaev–Budker equations)

for the distribution functions fα(r, p) of each plasma
component and by Maxwell’s equations for the self-
consistent electric and magnetic fields. At the initial
instant, a two-component (mi /me = 1840) cold plasma
fills the entire computation region [0, L] × [0, R] with
the length L = 100 cm and radius R = 10 cm. A cold rel-
ativistic electron bunch is injected into the plasma
through the z = 0 plane. The bunch velocity is Vb =

, and the initial bunch radius is R0 = 4c/ωpe .
The plasma and bunch particles can escape freely from
the computation region through the two boundary sur-
faces z = 0 and z = L and are elastically reflected from
the r = R surface. Cold plasma electrons and ions can
also return to the computation region from the buffer
zones z < 0 and z > L. The boundary conditions for the
electromagnetic fields imply the existence of a metal
wall at the cylindrical surface r = R and free emission
of electromagnetic waves from the right and left bound-
aries. In calculations, we used an explicit scheme. The
mass of the model particle is a function of the radial
coordinate, and the total particle number is about 106.
Like the calculations described in Section 3, all simula-
tions were carried out with a Pentium-133 PC using an
advanced PIC algorithm. Our simulations showed that,
for γb = 5, the bunch-to-plasma density ratio nb/n0
increases from the initial value 0.018 to 0.04 already at

t = 60 . At the time t = 100 , the maximum elec-
tron density in the bunch becomes comparable to the
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plasma density, thereby indicating a very strong bunch
modulation. In this case, the electron plasma density ne

also becomes modulated very strongly. The spatial dis-

tributions of ne at the times t = 60  and t = 100
are shown in Figs. 7a and 7b, respectively. We can see

that, at the time t = 100 , the maximum amplitude of
ne is larger than the initial amplitude by a factor of 4.5.
The spatial distributions of the longitudinal (Ez) and
radial (Er) electric fields computed for the same times
as in Fig. 7 are shown in Figs. 8 and 9, respectively.

4.3. Discussions and Conclusions

The numerical experiments described above show
that the nonlinear dynamics of both the bunch electrons

ωpe
1– ωpe

1–

ωpe
1–

and the electron and ion plasma components lead to the
following effects. The radii of the bunches vary over a
very wide range. The self-modulation of a long bunch
gives rise to a very strong modulation of the bunch and
plasma densities, thereby substantially increasing the
amplitude of the excited wake electric fields. However,
it is necessary that the bunch length be optimum,
because the self-modulation of longer bunches does not
increase the amplitude of the excited electric fields. The
results of numerical modeling show that even a very
low-density relativistic electron bunch can perturb the
plasma so strongly that the density perturbation ampli-
tude will become comparable with the initial particle
density of the plasma. This conclusion indicates that the
plasma electrons cannot be described in the linear
approximation. The results obtained show that both the
effect of the self-modulation of long relativistic elec-
tron bunches and the use of a train of bunches hold
promise for the generation of accelerating fields that
would be far stronger than those achievable in conven-
tional accelerators. Further investigations in this direc-
tion will provide the physical basis for the development
and creation of a new generation of devices capable of
accelerating charged particles at higher rates.
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5. EXCITATION OF WAKE FIELDS 
BY A RELATIVISTIC ELECTRON BUNCH

IN A MAGNETIZED PLASMA

Another promising way of accelerating charged par-
ticles is to excite wake fields by a relativistic electron
bunch in a magnetized plasma [25–27]. Here, we
present the main results obtained on the excitation of
wake fields by an individual bunch in a magnetized
plasma. In our opinion, this scheme is the most advan-
tageous: because of the nonresonant character of the
wake field excitation, it is only slightly sensitive to lon-
gitudinal density variations peculiar to a real plasma.
Additionally, in order to prevent the development of
electromagnetic filamentation or the onset of slipping
instabilities, as well as other kinds of instabilities (see,
e.g., [28]), it is worthwhile to apply a stabilizing exter-
nal longitudinal magnetic field. As will be seen below,
the stabilizing field not only serves to suppress instabil-
ities but also gives rise to a large number of new wave
branches, thereby substantially expanding the possibil-
ities of the wake field acceleration scheme. In this sec-
tion, we determine the wake field generated by an axi-
symmetric relativistic electron bunch propagating
along the z-axis in a magnetized plasma, assuming that
the ions are immobile and neglecting the electron ther-
mal motion. The expression for the longitudinal com-
ponent of the electric field excited by an annular rela-
tivistic electron bunch in an unbounded magnetized
plasma was obtained in [25]:

where τ = ωpe  – , µ = , ωpe is the Langmuir

frequency of the plasma electrons; and Vb , R0, and Q0
are the velocity, radius, and electric charge of the
bunch, respectively.

Far behind the bunch, the wake field falls off as τ –3/2,
because the group velocity of plasma oscillations in a
sufficiently strong magnetic field is finite. Because of
the emission of plasma waves from the axial region, the
wake field decreases in the longitudinal direction.

We consider a waveguide partially filled with a
plasma, i.e., a waveguide with a vacuum gap between
the plasma surface r = a and the perfectly conducting
wall r = b, and assume that the waveguide is placed in
an external magnetic field.

The field distribution over the waveguide cross sec-
tion is governed by the transverse wavenumbers. The

ranges  > 0 and  < 0 correspond to the spatial
and surface modes, respectively. The complex values of

 refer to a hybrid mode. The boundaries of the
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inequalities ω1 > ω > ω2, where

ωHe is the gyrofrequency of the plasma electrons, and k
is the longitudinal wavenumber.

In order for a relativistic electron bunch to excite a
hybrid mode, the relativistic factor of the bunch should

satisfy the condition γb > .

The electromagnetic field distribution and the fre-
quency of a hybrid mode that synchronously accompa-
nies the bunch were obtained numerically for the fol-

lowing parameters of the plasma waveguide:  =

6.3,  = 23.3,  = 2.4, and γb = 4.6, in which case

the frequency of the wake hybrid mode is equal to

0.35ωpe . It was found that, at the radius  = 0.8, the

absolute value of the longitudinal component of the
electric field has a pronounced maximum, which corre-
sponds to an energy conversion factor equal to RE =

 = 37.

Recall that the energy conversion factor is defined as
the ratio of the amplitude of the electric field accelerat-
ing a driven bunch to the amplitude of the electric field
decelerating a driving bunch (the bunch exciting the
wake field). Such a large value of RE indicates that the
maximum energy the driven bunch can gain during
acceleration is significantly higher (by a factor of RE)
than the initial energy of the driving bunch.

Hence, it is shown that, for a certain relation among
the parameters of the plasma–bunch–magnetic field
system, the hybrid nature of the wake waves, which are
excited by a relativistic electron bunch in a magnetized
plasma and are a superposition of the surface and spa-
tial modes, makes it possible to accelerate the driven
bunch to the maximum energy

which is many times higher than the initial energy of
the driving bunch (even when the bunch is initially
unmodulated in the longitudinal direction).

6. CONCLUSION
We have reviewed the results from theoretical and

experimental investigations as well as from mathemat-
ical modeling of the wake-field generation by both
charged-particle bunches and laser radiation in a
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plasma and have analyzed the wake-field acceleration
of charged particles. A new, substantially modified ver-
sion of the PBWA scheme has recently been pro-
posed—a version based on the self-modulation of a
laser pulse. The most impressive results on plasma
methods of charged particle acceleration were obtained
in the LWFA experiments [19–22], in which the accel-
erating fields at short distances were as strong as (1.5–
20) × 108 V/cm and the particles were accelerated to
energies of 100–300 MeV over distances of about 1 cm.
An interesting fact has been established: for a certain
relation among the parameters of the plasma–bunch–
magnetic field system, the hybrid nature of the wake
waves (which are excited by a relativistic electron
bunch in a magnetized plasma and are a superposition
of the surface and spatial modes) makes it possible to
accelerate the driven bunch to an energy εmax that is
many times higher than the initial energy of the driving
bunch (even when the bunch is initially unmodulated in
the longitudinal direction). We have discussed the for-
mation of an ion channel as a result of the radial ion
motion in self-consistent electromagnetic fields excited
by a train of relativistic electron bunches. The parame-
ters of the fully developed channel are determined by
the plasma-to-bunch density ratio and the ratio of the
bunch radius to the skin depth. The effective dimen-
sions of the channel and its “depth” (i.e., the elevated
ion density at the channel axis) increase monotonically
both in time and in the direction opposite to the propa-
gation direction of the bunches. The formed ion chan-
nel stabilizes the propagation of relativistic electron
bunches, which thus generate stronger accelerating
fields. The results of 2.5-dimensional numerical model-
ing of the wake-field excitation during the self-modula-
tion of a long relativistic electron bunch showed that the
maximum electron density in the bunch becomes com-
parable to the plasma density and the amplitude of the
plasma density perturbations becomes larger than the
initial plasma density by a factor of 4.5. This indicates
a very strong modulation of both the bunch density and
the plasma density. That is why, even in the above case
of a low-density bunch (in which the unperturbed elec-
tron density is about two orders of magnitude lower
than the plasma density), it is incorrect to describe the
plasma in the linear approximation. The amplitude of
the longitudinal field is about 0.8 of the maximum elec-
tric field that can be generated in the plasma, and the
amplitude of the radial field is about 0.4 of the maxi-
mum possible field. An important point is that the field
amplitude increases only over a short distance along a
relativistic electron bunch; hence, it would be of no use
to operate with bunches whose length exceeds the dis-
tance over which the longitudinal field amplitude is
maximum, because doing so would provide no addi-
tional increase in the excited wake field. The results
obtained with allowance for all possible nonlinearities
give a better insight into the three-dimensional behav-
ior of relativistic electron bunches in a plasma and may
help to ensure the optimum conditions for the wake-

field generation during the dynamic self-modulation of
the bunches. The results of investigations of the excita-
tion of accelerating fields by an individual relativistic
electron bunch or by a train of such bunches in a plasma
(in particular, in the presence of an external magnetic
field) make it possible to evaluate the potentialities of
the wake-field acceleration method and to analyze
whether it can serve as a basis for creating a new gen-
eration of devices capable of accelerating charged par-
ticles at substantially higher (by two to three orders of
magnitude) rates in comparison with those achievable
in classical linear resonance accelerators.
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