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Abstract—A onedimensional nonlinear analytic theory of the filamentation instability of a highcurrent ion
beam is formulated. The results of 2.5dimensional numerical particleincell simulations of acceleration
and stability of an annular compensated ion beam (CIB) in a linear induction particle accelerator are pre
sented. It is shown that additional transverse injection of electron beams in magnetically insulated gaps
(cusps) improves the quality of the ionbeam distribution function and provides uniform beam acceleration
along the accelerator. The CIB filamentation instability in both the presence and the absence of an external
magnetic field is considered.
DOI: 10.1134/S1063780X13030045

ε 0 > eE z L ,

1. INTRODUCTION

(1)

One of the most prospective methods of obtaining
highcurrent ion beams for heavyion fusion (HIF)
experiments is based on using linear induction accel
erators (linacs). The method of collective focusing of a
highcurrent annular ion beam proposed at the
National Science Center Kharkov Institute of Physics
and Technology [1–3] allows constructing a compact
accelerator that can be used not only as an efficient
driver for HIF, but also in other areas of technology.
The use of the cusp magnetic field in accelerating gaps
of the linac leads to their effective magnetic insulation
(suppression of electron current, see [1–3]) without
the need for an additional central electrode, which
greatly simplifies the linac construction. The advan
tage of such a method of magnetic insulation was
noted in [4].

e 2 H 02 I 02(krmax )L2
,
(2)
2
2mec
In this case, the cusp magnetic field will experience
weak perturbation by the magnetic field of the beam
when

The mechanism of spacecharge compensation of
the ion beam by means of an electron beam in an axi
ally symmetric accelerating gap was studied in [5–7].
To achieve such compensation of a thinwall high
current annular ion beam in the accelerating gap, the
ion beam is accompanied by an annular electron beam
of the same cross section. In so doing, parameters of
the electron beam must satisfy the following condi
tions: the energy of the electronbeam particles ε0
must exceed the energy required for them to overcome
the potential barrier of the accelerating gap (1) and be
much lower than the energy at which electrons of the
main beam can cross each cusp center without taking
into consideration selfconsistent electric and mag
netic fields (2):

cΩ He
.
(5)
ω2e
Here, е and me are the electron charge and mass,
respectively, c is the speed of light, L is the cusp length,
Ez is the accelerating field, H0 is the amplitude of the
external magnetic field, rmax is the maximum radius of
the beams, I0,1(x) are the modified Bessel functions of
the zero and first order, respectively, k = π/L, ne, i is the
electron (ion) beam number density, respectively, ωe
and ΩHe are the electron plasma and cyclotron fre
quencies, respectively, and Δ is the beam thickness.
The drift of the compensatingbeam electrons
essentially depends on beam injection radius rin [8],

ε0 Ⰶ

H 02 I 12 ( krmax )
.
(3)
4πeE z rmax ( rmax / L)
In turn, the ion beam must carry sufficiently high cur
rent to ensure that the ion beam velocity and the elec
tron drift velocity in the compensating beam in self
consistent fields are nearly equal,
ne Ⰶ

H 02 I 12 ( krmax )
,
ni ≥
4π(ε 0 − eE z L)
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rin > 2ρ e rL ,

(6)

where rL is the transverse size of the system and ρe is
the electron Larmor radius (see, e.g., [8]).
The possibility of transport and acceleration of a
highcurrent compensated ion beam in 1–6 cusps was
demonstrated in [9–13] by means of numerical mod
eling within the framework of complete set of Vlasov–
Maxwell equations with the help of easily modifiable
2.5dimensional XOOPIC code [14, 15] based on the
particleincell (PIC) method.
We note that instability of plasma characterized by
an anisotropic electron distribution function in the
quasilinear approximation was studied in [16–18],
while the nonlinear filamentation stage of relativistic
electron beams in dense plasma was numerically mod
eled in [19–24]. It was shown that, as a rule, the fastest
process in the development of instability was not
squeeze of the beam as a whole, but rather its filamen
tation (the first stage), the scale of which corresponds
to the maximum growth rate of instability Γ, followed
by compression of the filaments. In the second stage of
instability, the compressing filaments get pulled
together and merge. Simultaneously, the transverse
temperature increases and, ultimately, determines the
maximum transverse size of the formed filament.
In Section 2 of this work, we derive analytical
expressions describing the nonlinear stage of filamen
tation of a nonrelativistic beam of charged particles in
dense plasma in the absence of an external magnetic
field and collisions in the system. Since we consider
the model of onedimensional (1D) filamentation, the
second stage of filamentation is impossible for the
same reason as the phase transition in a 1D system. In
Section 3, we present the results of the 2.5dimen
sional simulation of the CIB acceleration for six cusps
without separating drift gaps (Section 3.1), along with
the results of the twodimensional (2D) simulation of
the CIB filamentation (Section 3.2). A real ion linac
contains drift gaps with a homogeneous external lon
gitudinal magnetic field alternating with the accelerat
ing gaps, the magnetically insulated accelerating gaps
being much shorter (by a factor of 10–20) than the
drift gaps. Consequently, the most severe restrictions
on parameters of the electron and ion beams, which
ensure the required quality of the ion beam, are
expected to be obtained from studying filamentation
in the drift gap. Hence, we numerically studied fila
mentation instability of the CIB in the drift gap, both
with and without an external magnetic field (Section
3.2). We show that, for parameters of the linac consid
ered in the present work, the ion beam with a density
of up to 9 MA/m2 can be accelerated practically uni
formly along the accelerator length in a way that pre
serves the high current and high quality of the CIB.

2. NONLINEAR THEORY OF BEAM
FILAMENTATION IN DENSE PLASMA
In the case of dense plasma and current compensa
tion (when there is practically no selfconsistent mag
netic field (see, e.g., [19, 21, 24])), plasma can be
described by a dielectric permittivity tensor, while
excited electric and magnetic fields can be straightfor
ward expressed in terms of derivatives of the beam cur
rent.
In the longwavelength approximation L Ⰷ c/ωe,
neglecting the influence of the decelerating induction
field on the development of instability, in the case
when both external longitudinal magnetic field and
collisions are absent, filamentation of a nonrelativis
tic, flat, and unlimited in the transverse direction
beam of charged particles can be described within the
framework of the continuity equation and the equa
tion governing transverse velocity v(x, t),
∂nb ∂
+ (nbv) = 0,
∂t ∂x
2
2
∂v + v ∂v − V 2 ∂nb = 0, V 2 = ωb0 Vb ,
∂t
∂x
∂x
ω2e nb0

(7)

where nb is the number density of the beam, ωb0 is the
plasma frequency of the beam, x is the transverse coor
dinate, and t is time. A similar set of equations is
encountered in a number of different physical prob
lems, e.g., those describing selffocusing of light,
modulation instability, etc. (see [25, 29–38] and refer
ences therein). However, due to principally different
mathematical formulation of the problem related to
dynamics of development of a small (initially) periodic
perturbation, solutions found in the cited references
cannot be used. Similar to [25, 29–38], by applying
hodograph transformation, set of equations (7) can be
reduced to the following set of two linear equations:

∂(x − vt) ∂tnb
∂(x − vt)
(8)
+
= 0,
− V 2 ∂t = 0 ,
∂v
∂nb
∂nb
∂v
The condition of compatibility of these equations has
the form
∂ 2tnb V 2 ∂ 2tnb
+
= 0.
nb ∂ v 2
∂ nb2

(9)

The latter equation is an elliptic equation of second
kind, for which the degeneracy line coincides with the
v axis (nb = 0). According to the Keldysh theorem
[39], regular solution of the equation continuous in a
closed area and satisfying given boundary conditions
(Dirichlet problem) always exists, whereas the prob
lem of finding a regular solution without specific
boundary conditions at the parabolic degeneracy line
v (nb = 0) (problem E, in terminology of [39]) is inde
terminate. The latter problem has a regular solution in
the area, which is bounded in the vicinity of degener
acy line (nb
0) and assumes given continuous val
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ues for the rest of the area boundary. Let us introduce
new function U = tnbN0/nb0 and new variables y =
v/Vb, N = (nb/nb0)N0, where N0 = ω2b0 / ω2e . Then,
Eq. (9) can be recast to the form
−1

N U yy + U NN = 0 .

(10)

According to [39], we seek solution to Eq. (10) in the
form

U = q 1/2ω(r ),

(11)

where
q
=
y2
+
4(N1/2
–
N 01/2 ),
y 2 + 4(N 1/2 − N 01/2 )2
.
r = 2
y + 4(N 1/2 + N 01/2 )2
Introducing variable r and function q, we can
reduce partial differential equation (10) to the second
order ordinary differential equation with respect to
function ω;
(12)
r (1 − r ) d ω
+ d ω − 1 ω = 0.
dr 2 dr 4
This equation is a particular case of the hypergeomet
ric equation [40]
2

(1 − r ) d ω
+ [γ − (α + β + 1)r] d ω − αβω = 0. (13)
dr
dr 2
In this formulation, we seek a solution to Eq. (13) that
at small y and N – N0 transforms into a small periodic
perturbation determined at the initial point (similar to
[26]), which is described by the set of equations
2

N 0y
x = 1 arctg
,
k
(N − N 0 )

(14)
(N − N 0 )2 + N 0 y 2
U = (2kVb N 0 ) ln
,
N 0 y 02
where y0 = v0/Vb, v0 is the initial perturbation of the
transverse velocity, and k is the perturbation wavenum
ber.
Solution (14) corresponds to the absence of pertur
bations at t
–∞ and to growing small periodic per
turbations at t
+0.
Since γ = 1 and α = β = – 1/2 in our case, two lin
early independent solutions (see, e.g., [40]) have the
form
−1

)

(

ω1(r ) = F − 1 ; − 1 ; 1; r ,
2 2

(

)

{ ( )

( )

∞

∑

ω2(r ) = F − 1 ; − 1 ; 1; r ln r +
rk
2 2
k =1

( )( )
−1 −1
2 k 2
(k !)2

k

(15)

}

× 2Ψ k − 1 − 2Ψ − 1 − 2Ψ(k + 1) + 2Ψ(1) ,
2
2
where Ψ(x) = dlnГ(x)/dx and Γ(x) is the gamma
function. Solution (15) is expressed in terms of hyper
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geometric functions that in this particular case can be
written in the form

(

)

ω1(r ) = F − 1 ; − 1 ; − 1; 1 − r ,
2 2
ω2(r ) = (1 − r )2 F 3 ; 3 ; 3; 1 − r .
2 2

(

(16)

)

Functions ω1 and ω2 are regular at r = 1, but ω2 has a
logarithmic singularity at r
0. Let us express solu
tions for U in terms of elliptic integrals of the first and
second kind:

{

U = q1/2 2 A [2E(r ) − (1 − r )K (r )] +
π
16
B
[−2E(1 − r ) + (1 + r )K (1 − r )] ,
+
π

}

(17)

where K(r), E(r) are the elliptic integrals of the first
and second kind, respectively, and A and B are the
integration constants that will be determined below.
The expression for x can be found from (8):

∂(x − vt )
= − ∂U ,
∂v
∂N
∂
x − vt = −
Udv.
∂N

∫

(18)

After integration, differentiation, and subsequent
transformations, we have

AyVbq1/2
x = −4
π
z
⎡ 4
⎛ 2(1 − r )
4zz 0 ⎞
K (r )
× ⎢− E(r ) + ⎜
−
(z − z 0 )q ⎠⎟
⎣ z
⎝ z
⎛ (z − z 0 )2 ⎞⎤ 32B yVbq −1/2
8z z 2
, r ⎟⎥ −
+ 2 0 2 Π ⎜−
z
π
q(z − z 0 ) ⎝ (z + z 0 )2 ⎠⎦
4q
× ⎡⎢ E(1 − r ) + 2 z 2 − q(1 + r ) K (1 − r )
z
⎣z
⎞⎤
2z(z − z 0 ) ⎛
4zz 0
, 1 − r ⎟⎥
−
Π ⎜−
2
(z + z 0 ) ⎝ (z + z 0 )
⎠⎦

(

)

(19)

2
2
AV ⎛
z − z0 ⎞
− 4 b ⎜ −2(z − z 0 ) + z ln z +
⎟,
z0
2z ⎠
π z ⎝

where z = 2N1/2, z0 = 2N 01/2 , and Π(v, r) is the elliptic
integral of the third kind. Elliptic integrals of the third
kind in Eq. (19) can be conveniently expressed in
terms of the Jacobi zeta function Z(ϕ, α) and Heuman
lambda function Λ0(ϕ, α), namely,
⎛ ⎛ z − z0 ⎞2 ⎞
z 2 − z 02
Π ⎜−⎜
=
+
,
r
K
r
K ( r ) Z ( ε/ r ) , (20)
(
)
⎟
⎟
⎜
⎟
4 zz 0 y
⎝ ⎝ z + z0 ⎠
⎠
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( )
K (r ) = π (1 + r ) ,
2
4
E(1 − r ) = 1 + r ( ln 16 − 1),
4
r
E(r ) = π 1 − r ,
2
4

r
rL
H
rmax
z

(21)

(z − z 0 )2 1
.
(z + z 0 )2 r
Following [26], we take asymptotics of expressions
(17) and (19) at |N – N0| Ⰶ N0 and y Ⰶ 1; equate them
to expressions (14), describing the solution of the lin
ear problem; and find constants А and В, thereby com
pletely determining the nonlinear stage of filamenta
tion,
where ε = arcsin

A = (4kVb )−1 ln

2z 0Vb
,
e 2v 0

B=−

π ,
64kVb

(22)

where е is the base of the natural logarithm.
Solution of set of equations (7) is derived in the
form t = t(y, z) and x = x(y, z), which complicates its
analysis. However, expressions (17) and (19) can be
inverted when describing a point in the vicinity of z ≈
z0. Using asymptotics of elliptical integrals at r Ⰶ 1 and
|z – z0| Ⰶ z0 for elliptical integrals

⎛ ⎛ z − z0 ⎞2 ⎞
, r⎟
Π ⎜−⎜
⎜ ⎝ z + z 0 ⎟⎠
⎟
⎝
⎠
2
2 1/2
(z − z 0 )q πr
= π 1+ 1r +
sin 2ε,
2
4
4zz 0 y
8

(23)

⎛
⎞
4zz 0
Π ⎜−
,1− r⎟
2
⎝ (z + z 0 )
⎠
1/2
z + z0 q
≈ 1 ln 16 + π
1− 2ε ,
2 r 2 z − z0 y
π

(24)

(

)

(

)

(27)
(28)

we have

Fig. 1. Configuration of the force lines of the external mag
netic field, the area of injection of the annular electron and
ion beams (between rmin and rmax) and the additional elec
tron beam into the simulation region (in the vicinity of
cusp center at rL).

⎛
⎞
4zz 0
Π ⎜−
,1− r⎟
2
⎝ (z + z 0 )
⎠
1/2
z + z0 q
= K (1 − r ) + π
[1 − Λ 0 (ε/1 − r )] ,
2 z − z0 y

(26)

K (1 − r ) = 1 ln 16 ,
2 r

rmin
zL

(25)

x = −4
π

⎡ 2π ⎛ 2(1 − r )
4zz 0 ⎞ π
⎢− z + ⎜ z + (z + z )q ⎟ 2
⎣
⎝
0 ⎠
r sin 2ε⎤ − 32By V q −1/2
+ z π1/2
b
⎥
πz
4 yq
⎦

AyVbq
z

1/2

(

)

1/2
⎡4q
⎛ 2z 2 z 0
⎞
⎤
πzq
× ⎢ + 1⎜
− q(1 + r )⎟ ln 16 −
1− 2ε ⎥
y
π ⎦
⎣ z z ⎝ z + z0
⎠ r
2
2
AV ⎡
z − z0 ⎤
− 4 b ⎢−2(z − z 0 ) + z ln z +
,
z0
π z ⎣
2z ⎥⎦

)

(

t = 42 q 1/2 ⎡2 A π − (1 − r ) π +
⎢⎣π
2
z
+ 8B (− 2 + (1 + r )) ln 16⎤ .
r ⎥⎦
π
From Eqs. (29) and (30), we have
−1

t = (kVb N 0 ) ln

v(x, t, N = N 0 )
,
v 0(x 0, 0, N = N 0 )

(29)

(30)

(31)

x = x0 + 3 v 0(x0, 0, N = N 0 )t exp(kVb N 0t), (32)
4
where v(x, t, N = N0) is the transverse velocity at point
x (see (32)) at time t corresponding to number density
N0, i.e., perturbed number density of the beam, v0(x0,
0, N = N0) is the transverse velocity at point x0 corre
sponding to initial number density N0. It can be seen
from Eqs. (31) and (32) that filament compression
occurs faster than exponentially, so that a singularity
could be reached within a finite time. However, we
should take into consideration that expressions (17),
(19), (31), and (32) describe only relatively large scale
filaments, when there is practically no selfconsistent
magnetic field, and Eq. (7) that we used are valid.
The spatial period of perturbations during beam fil
amentation in dense plasma is preserved during the
entire time of the process, while density decreases rel
ative to its unperturbed value relatively slowly. At the
same time, the onset of singularity with respect to N
happens within a finite time. It should be reiterated
that the considered solutions do not describe small
scale filaments because initial equations (7) become
invalid in this case.
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Fig. 2. Transportation of an ion beam with the number density ni = 6.967 × 1017 m–3 compensated only by an accompanying elec
tron beam in six cusps: (a) distribution of ions in (r, z) space and (b) distribution of electrons in (r, z) space. The external magnetic
field amplitude is H0 = 0.23 T.

3. SIMULATION RESULTS
3.1. Acceleration of a CIB in Six Cusps
Figure 1 shows the axial cross section of one cusp of
the simulated accelerating structure, the beam injection
area, and the configuration of the external magnetic
field that has axially symmetric cusp configuration: Hr =
–H0I1(kr)sin(kz) and Hz = –H0I0(kr)cos(kz), where z ∈
[0, zL], zL being the length of the area of simulation. In
the simulation, we assumed that zL = L = 0.05 m, rL =
0.1 m, the first onethird of the cusp is the drift space,
the second onethird of the cusp is the acceleration
gap, and the last onethird is the drift space. The main
annular electron and ion beams satisfying conditions
(1)–(3), (5), and (6) and having equal current densi
ties are continuously injected into the system from the
lefthad side, which ensures zero integral current den
sity at the time of injection.
The minimum and maximum radii of the beams
are equal: rmin = 0.042 m, rmax = 0.06 m, and velocities
of the ion and electron beams are Ve0 = 0.99 с and Vi0 =
0.27 с, respectively, where c is the speed of light. The
external magnetic field amplitude is H0 = 0.23 T. The
initial kinetic energy of ions is 36.2 MeV. For simula
tion of the multicusp system, the subsequent cusps
were attached from the righthand side with corre
sponding inversion of the external magnetic field. It
should be noted that here we consider the case without
drift gaps. The external boundary of the system is
assumed to be comprised by an ideally conducting
metal. Particles reaching the metal were removed from
the simulation. The simulation was conducted by
using an easily modifiable 2.5dimensional code
XOOPIC [14, 15].
XOOPIC is the objectoriented fully relativistic
kinetic electromagnetic code based on the PIC
method that allows modeling physical systems includ
ing plasma, chargedparticle beams, gases, and exter
PLASMA PHYSICS REPORTS

Vol. 39

No. 3

2013

nal and selfconsistent electromagnetic fields within
the framework of a set of Vlasov–Maxwell equations.
Using such code, the problems in such important
fields as accelerators of charged particles, superhigh
power microwave devices, ion implantation, plasma
digital panels, etc., can be solved [14, 15].
Figure 2 illustrates distributions in (r, z) space in
the case of transport of compensated ion beam with
number density ni = 6.967 × 1017 m–3 in six cusps.
It can be seen that, after the first cusp, the ion beam
is not compensated by the main electron beam,
because condition (4) was violated during optimiza
tion of the ion beam density, which results in low
quality transport and substantial broadening of the
CIB.
Figure 3 depicts the number densities of ion (a, c,
e) and electron (b, d, f) beams versus (r, z). Figures 3a
and 3b illustrate the transport of the CIB, Figs. 3c and
3d illustrate its acceleration, and Figs. 3e and 3f illus
trate the CIB acceleration in the presence of addition
ally injected electron beams with velocity equal to that
of the main compensating electron beam and number
19
density neadd
0 = 1.045 × 10 = 55ne0, where ne0 is the
number density of the main beam. Other parameters
are the same as in Fig. 2.
It can be seen from Figs. 3a and 3b that, after the
second cusp, the CIB is practically uncompensated,
because most of compensating electrons do not reach
even the middle of the first cusp, and only a small por
tion of the electron beam drifts inertiafree accompa
nying the ion beam. This results in a substantial
spreading of the CIB and a loss in its density.
In the case presented in Figs. 3c and 3d, the accel
erating electric field causing a 1MeV increase in ion
energy upon passing one cusp exists in the first, third,
and fifth cusps, while being zero in the second, fourth,
and sixth cusps. It can be seen that the ion beam
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0.1
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0.2976

0

0.2976

z, m
Fig. 3. Densities of the ion (a, c, e) and electron (b, d, f) beams as functions of (r, z): (a, b) CIB transportation, (c, d) CIB accel
eration, and (e, f) CIB acceleration in the case of additional radial injection of electron beams. Here and in the subsequent figures,
the accelerating field corresponds to an increase in the ion energy of 1 MeV upon propagation through one magnetically insulated
accelerating gap.

broadens, and the major part of electrons of the com
pensating beam do not propagate beyond the first
cusp, i.e., the ion beam is essentially uncompensated.
For compensation of the ion beam, additional elec
tron beams were injected into the second, fourth, and
sixth cusps along the radius (Fig. 1). These beams were
optimized so that their number densities neadd in the

location where they meet the CIB were practically
equal to the initial density of the compensating elec
tron beam, i.e., neadd = ne0 (Figs. 4b, 4d, 4f). We also
performed optimization of the injection time and
location, so that the fronts of the additional beams met
the CIB front simultaneously in all cusps with injec
tion of additional electron beams (Fig. 3).
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Fig. 4. Distribution of electrons in (r, z) space upon CIB acceleration with injection of the (a) first, (c) second, and (e) third addi
tional electron beams. In plots (b, d, f), corresponding to the injection of the first, second, and third additional electron beams,
respectively, only the areas with densities exceeding ne = 1 × 1016 m–3 are shown.

The dependence of uz = Vzγ (where γ is the relativ
istic factor) on longitudinal coordinate z is shown in
Figs. 5a and 5b: the left plot corresponds to the case
without injection of additional beams, while the right
plot corresponds to the case with injection of addi
tional beams. The main electron beam injected from
the lefthand side compensates the CIB in the first
cusp (Fig. 3f). Further compensation of the ion beam
is achieved by means of additional electron beams
injected along the radius. In this case, the ion beam
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experiences nearly no broadening, remaining homo
geneous with respect to density (Fig. 3e), and gets
accelerated practically uniformly (Fig. 5b), in contrast
to the case of acceleration without injection of addi
tional electron beams (Fig. 5a).
Figure 6 depicts the ion energy distribution func
tion normalized to the number density of particles. It
can be seen that, in the case of CIB transport (Figs. 6a,
6b), the ion beam experiences substantial radial
spreading, while retaining its initial energy. Upon
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Fig. 5. Dependence of uz of the CIB on the longitudinal coordinate z upon acceleration (a) without and (b) with injection of addi
tional electron beams.

acceleration (Figs. 6c, 6d), the ion beam also broadens
attaining an energy of 3 MeV at the output of the
accelerator.
In the case of CIB acceleration in the presence of
additional electron beams, the distribution function of
ions is monoenergetic, and the ion beam does not
experience substantial radial divergence (Figs. 6e, 6f).
The ion beam attains an energy of 1 MeV correspond
ing to the accelerating field in each accelerating gap,
and after three accelerating gaps its energy increases
by 3 MeV.
3.2. Simulation of Filamentation Instability
of the Ion Beam in the Drift Space
For simulation of filamentation instability, it is
necessary to find code suitable for solving problems of
this kind. In this section, we discuss the results of
studying the filamentation instability by using three
dimensional (3D) code KARAT [42]. KARAT is a
fully electromagnetic code based on the PIC method.
It is designed for solving nonstationary electrody
namic problems of complex geometry and, in the gen
eral case, including dynamics of relativistic particles
(electrons, ions, and neutrals).
The KARAT code solves Maxwell’s equations by
using the finite difference method. The material equa
tions contain coefficients either found phenomeno
logically, or calculated using a kinetic approach, in
particular, the PIC method. The code is suitable for
simulation of devices including electron and ion
beams, or laserplasma interaction. Plasma is modeled
by microparticles and/or by using the hybrid models.
If necessary, modeling of collisions can also be
included.
The code includes three constituent parts: 1D, 2D,
and 3D problems. In all three cases, three components
of electromagnetic fields and particle momentum are
taken into account. The 2D part is modeled in plane
(x, z), polar (r, θ), and axially symmetric (r, z) geom

etries. The 3D part is modeled in Cartesian (x, y, z)
and cylindrical (r, θ, z) geometries. The code can per
form simulation in the electromagnetic and electro
static approximations.
The finitedifference method on a rectangular grid
with shift is used for solving Maxwell’s equations. The
concrete realization of the scheme used in the code
allowed explicit formulation of the boundary condi
tions at the surfaces of the area of simulation [42].
As was noted above, the magnetically insulated gap
of an ion linac is usually much shorter (by a factor of
10–20) than the drift gap. Hence, the most severe
restrictions on parameters of the electron and ion
beams that ensure the required ionbeam quality are
obtained as a result of simulation of filamentation in
the drift gap. Figure 7 illustrates the problem geome
try, where z ∈ [0, zLD], zLD being the length of the drift
gap. Simulation was performed for zLD = 0.5 m, and
transverse size of the system xL = 0.1 m. Initially, the
area of simulation between xmin = 0.042 m and xmax =
0.06 m contained electrons with the number density
ne = 1.9 × 1017 m–3 and longitudinal velocity Ve0 =
0.99c, ions with the number density ni = 6.967 ×
1017 m–3 and longitudinal velocity Vi0 = 0.27c. and
thermal electrons with the number density nthe =
5.067 × 1017 m–3 and temperature of 20 eV.
The conditions ensuring current and charge com
pensation were created in the drift gap, i.e., there were
no selfconsistent electric and magnetic fields. The
development of instability was simulated using two
models: a) the model without an external longitudinal
homogeneous magnetic field in the system, and b) the
model with an external homogeneous magnetic field
(H0 = 0.23Т). During the pulse, the main electron and
ion beams with the above specified parameters, along
with thermal electrons with number density nthe =
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Fig. 6. Ion energy distribution function: (a, b) transportation, (c, d) acceleration, and (e, f) acceleration in the presence of addi
tional electron beams. The left column shows the ion energy distribution functions normalized to the number density of particles,
and the right column shows the top views of the same ion energy distribution functions. The external magnetic field strength is
H0 = 0.23 T, and the CIB number density is ni = 6.967 × 1017 m–3.

5.067 × 1017 m–3, longitudinal velocity Vthe = 0.004c,
and temperature of 20 eV, were injected into the sys
tem from the left boundary of the area of simulation.
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The minimum and maximum dimensions of the
beams were equal: xmin = 0.042 m, xmax = 0.06 m, the
densities of currents at instant of injection were also
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Fig. 7. Area of injection (between xmin and xmax) of the
annular electron and ion beams into the simulation region
(XL, ZLD).

equal, and their densities and velocities were the same
as those in Section 3.1.
Figure 8 illustrates the electron beam dynamics
during its transport through the drift gap ((x, z) space)
at different times: the first row from the top (a, b)
depicts the beam dynamics after single time of flight of
the beam electrons though the area of simulation, the
second row (c, d) shows that after four times of flight
of the beam electrons though the area of simulation,
and the third row (e, f) shows that after seven times of
flight of the beam electrons though the area of simula
tion. The left column corresponds to the case without
an external magnetic field, while the right column cor
responds to the case with external magnetic field H0 =
0.23 T.
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Fig. 8. Dynamics of the electron beam during its transport through the drift gap ((x, z) space) at different times: (a, b) after one
time of flight of the beam electrons though the area of simulation, (c, d) after four times of flight of the beam electrons though
the area of simulation, and (e, f) after seven times of flight of the beam electrons through the simulation region. The left column
corresponds to the case without an external magnetic field, and the right column corresponds to the case with the external mag
netic field H0 = 0.23 T.
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Fig. 9. Dynamics of the ion beam during its transport through the drift gap ((x, z) space) at different times: (a, b) after one time
of flight of the beam electrons though the area of simulation, (c, d) after four times of flight of the beam electrons though the area
of simulation, and (e, f) after seven times of flight of the beam electrons though the area of simulation. The left column corre
sponds to the case without an external magnetic field, and the right column corresponds to the case with the external magnetic
field H0 = 0.23 T.

Figure 9 illustrates the ion beam dynamics during
its transport through the drift gap ((x, z) space) at dif
ferent times: the first row from the top (a, b) shows the
beam dynamics after one time of flight of the beam
electrons though the area of simulation, the second
row (c, d) shows that after four times of flight of the
beam electrons though the area of simulation, and the
third row (e, f) shows that after seven times of flight of
the beam electrons though the area of simulation. The
left column corresponds to the case without an exter
nal magnetic field, while the right column corresponds
to the case with external magnetic field H0 = 0.23 T.
It can be seen from Fig. 8 that the electron beam
experiences focusing and defocusing as a result of the
developing instability, which results in practically peri
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odic distribution of the beam density over time. Upon
application of an external magnetic field (compare the
left and the right columns), the period of transverse
oscillations of the electron beam substantially
increases, while the amplitude of these oscillations
decays. This leads to the appearance of a largeampli
tude transverse electric field Ex that redistributes the
ionbeam density over the beam cross section induc
ing a twofold density increase in the center relative to
the initial density and stabilizes density distribution of
the thermal electrons. The fast (compared to the ion
Langmuir frequency) transverse oscillations of the
electronbeam density taking place when there is no
external magnetic field create a transverse electric field
Ex that induces transverse spreading of both the ther
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Fig. 10. Dependence of the ion beam density on the transverse coordinate x (at the initial width of the beams, i.e., between xmin
and xmax) at z = 0.25 m: (a) without an external magnetic field and (b) with the magnetic field H0 = 0.23 T.

mal electrons and the ion beam, which can be seen
from Fig. 9.
The dependence of the ion beam density on trans
verse coordinate x (at initial width of the beams) at z =
0.25 m is illustrated in Fig. 10. The left plot corre
sponds to the case when there was no external mag
netic field, while the right plot corresponds to the case
with a magnetic field of strength H0 = 0.23Т.
It can be seen from Fig. 10 that, when there is no
external magnetic field, the initial density of the beam
is preserved only in onetenth of the initial beam cross
section, while in the rest of the area the density drops
by a factor of 2. Redistribution of the density of the
main electron beam and thermal electrons in an exter
nal magnetic field leads to ionbeam focusing, so that
its density in onethird of its initial cross section near
the beam axis exceeds the initial density, while the ion
beam density averaged over the cross section nearly
coincides with the initial density and remains
unchanged during several times of flight of ions
through the drift gap. Such dynamics of the electron
and ion beams leads to a relatively homogeneous dis
tribution of the number density of thermal electrons
over the initial cross section of the beams in the pres
ence of an external magnetic field. Without an external
magnetic field, not only thermal electrons but also
ions experience transverse spreading due to redistribu
tion of the number density of the main electron beam,
which leads to a substantial drop in the ionbeam den
sity.
Figure 11 shows the longitudinal momentum of the
electron beam Pz normalized to meс as a function of
longitudinal coordinate z at different times: the first
row from the top (a, b) shows the beam dynamics after
one time of flight of the beam electrons though the
area of simulation, the second row (c, d) illustrates the
beam dynamics after four times of flight of the beam
electrons though the area of simulation, and the third
row (e, f) shows the beam dynamics after seven times

of flight of the beam electrons though the area of sim
ulation. The left column corresponds to the case when
there is no external magnetic field, while the right col
umn corresponds to the case when there is an external
magnetic field H0 = 0.23 T.
Figure 12 illustrates the longitudinal velocity of the
ion beam Vz normalized to the speed of light as a func
tion of transverse coordinate x (a, b) and the CIB
kinetic energy Wk as a function of longitudinal coordi
nate z (c, d); the left column corresponds to the case
without an external magnetic field, while the right col
umn corresponds to the case with an external mag
netic field H0 = 0.23 T.
It can be seen from Fig. 11 that, after one time of
flight, the longitudinal component of momentum of
the beam electrons strongly changes along the direc
tion of propagation; after four times of flight, the
charges are noticeable only at the end of the drift gap,
both with and without an external magnetic field.
After seven times of flight, the longitudinal compo
nent of momentum of the beam electrons remains
nearly unchanged in the presence of an external mag
netic field, but experiences changes of ±15% at the end
of the drift gap when there is no external magnetic
field. Figure 12 shows that changes of the ion beam
velocity do not exceed 1.5%, and those of energy do
not exceed 2%, the changes being smaller in the pres
ence of an external magnetic field, because in this case
the highcurrent ion beam does not experience any
significant spreading and retains its high quality.
Hence, it is established that, in the presence of an
external magnetic field, selfconsistent electromag
netic fields appearing under considered parameters do
not cause substantial degradation of the ion beam
quality over time sufficient for application of such a
beam in the HIF experiments.
The dependence of components By and Bz of the
magnetic field induced by the beams and thermal elec
trons present in the system on transverse coordinate x
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Fig. 11. Longitudinal momentum of the electron beam Pz normalized to mec as a function of the longitudinal coordinate z at dif
ferent times: (a, b) after one time of flight of the beam electrons though the area of simulation, (c, d) after four times of flight of
the beam electrons though the area of simulation, and (e, f) after seven times of flight of the beam electrons though the area of
simulation. The left column corresponds to the case without an external magnetic field, and the right column corresponds to the
case with the external magnetic field H0 = 0.23 T.

in different cross sections of the drift gap at the instant
corresponding to seven times of flight of beam elec
trons through the area of simulation is shown in
Fig. 13; the left column corresponds to the case with
out an external magnetic field (a, c), while the right
column corresponds to the case with external mag
netic field H0 = 0.23 T (b, d).
It can be seen from Figs. 13a and 13b that, as a
result of the developing instability, there appear rela
tively large (comparable with the external magnetic
field) components By that differ only by the time of
their formation: the time of formation in an external
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magnetic field is a factor of 2 longer than without an
external magnetic field and corresponds to two times
of flight of beam electrons through the drift gap. In an
external longitudinal magnetic field, due to induced
motion of the electron beam and plasma along the y
axis, there appears component Bz of the selfconsistent
field that is directed opposite to the external magnetic
field (compare Figs. 13c and 13d). The dependence of
the longitudinal component of the plasma current
density Jz on transverse coordinate x (within the beam
width) at point z = 0.25 m is shown in Fig. 14: the left
column corresponds to the case without an external
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an external magnetic field, and the right column corresponds to the case with the magnetic field H0 = 0.23 T.
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magnetic field, while the right column corresponds to
the case with an external magnetic field of H0 = 0.23 T.
Figure 15 illustrates the dependence of the elec
tronbeam current density components Jx and Jy on
transverse coordinate x: the left column corresponds
to the case without an external magnetic field (a, c),
while the right column corresponds to the case with
external magnetic field H0 = 0.23Т (b, d). As can be
seen from Fig. 14, the distribution of the z component
of the plasma current density cannot explain the struc
ture of the By component of the selfconsistent mag
netic field, i.e., the By component of the magnetic field
is induced by the electron and ion beams, while
plasma is responsible for redistribution of the charge
and current densities and contributes to longitudinal
component Bz of the magnetic field. This conclusion is
supported by the distributions of the transverse com
ponents of the electron beam current density depicted
in Fig. 15, where the transverse distribution of the lon
gitudinal component of the selfconsistent magnetic
field cannot be explained by considering electron cur
rents alone (see Fig. 13).
3. CONCLUSIONS
We have shown that, upon transport and accelera
tion of an ion beam with a density of about 9 MA/m2
compensated only by the main electron beam, it
remains uncompensated in the major part of the accel
erator, which leads not only to its broadening but also
to its nonuniform acceleration. For additional com
pensation of the CIB, we have used additional electron
beams optimized with respect to space, time, and den
sity, which allowed us to achieve uniform acceleration
of the ion beam due to its nearly complete charge and
current neutralization. Under such conditions, the ion
beam gains energy uniformly along the length of the
accelerator, while retaining a high current value (the
beam current of about 50 kA).
We have studied (both analytically and by using
computer simulation) the filamentation instability of
an ion beam neutralized with respect to the current
and charge, both in the presence and in the absence of
an external magnetic field. It is shown that, without an
external magnetic field, the CIB has substantial self
induced fields, which lead to its filamentation. It is
established that an external magnetic field renders a
stabilizing effect on both the electron and ion beams.
It is established that selfconsistent electromagnetic
fields appearing under considered parameters do not
lead to considerable degradation of the ion beam in
the presence of an external magnetic field on a time
scale sufficient for application of the ion beam in the
HIF.
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